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Abstract—This paper examines the heat transfer between two sliding solids in contact over a fixed region

with internal heat sources generated in the solids. Asymptotic solutions for the heat flux distribution along

the contact and temperature fields in the solids are derived for large Peclet numbers. Comparisons with

numerical solutions indicate that the asymptotic analysis is valid for Peclet numbers higher than 10.

Simplified expressions which are suitable for practical engineering applications, for the temperature dis-

tribution beyond the contact and the characterization of the thermal penetration into the solids, are also
derived.

1. INTRODUCTION

THE CONDUCTION of heat between bodies in perfect
contact has been extensively studied since it finds
applications in many industrial processes, and forms a
building block for the examination of thermal systems
with imperfect contacts. Schneider er al. [1] and
Sadhal [2, 3] studied the steady-state and transient
thermal variations in stationary solids which were in
contact over a finite region. Jaeger [4] discussed the
Green'’s functions for the transient and steady-state
temperature fields in a stationary semi-infinite solid
with heat sources moving at a constant speed on the
surface of the solid. This formulation provided a basis
for numerical studies of heat transfer between two
moving bodies. The resultant temperature fields in
them were later studied by Allen [5], Cameron et al.
[6] and Symm [7] and, more recently, by Blahey and
Schneider [8].

In the context of strip rolling, Yuen has recently
derived asymptotic solutions for the heat transfer
between two moving semi-infinite solids in contact
over a finite fixed region. Both the heat partition to
each body and the resultant temperature fields have
been examined [9-11]. The cases where the bulk tem-
peratures of the solids are different [9, 10] and where
heat energy is generated along the contact region [11]
have been considered separately. In strip rolling, the
former relates to the hot rolling condition for which
the rolls and the workpiece have very different tem-
peratures, and the latter relates to the frictional energy
generated along the contact region due to the rolls
and the workpiece moving at different speeds. Yet
another area of interest involves heat energy being
generated in one or both solids within the contact
region, which is the subject of investigation in this
paper. This heat energy is caused, in strip rolling,
by the plastic deformation in the workpiece and the
elastic hysteresis in the rolls; while in other appli-
cations, it could be induced by internal heat sources
such as induction heating.

2. MATHEMATICAL FORMULATION

Consider two semi-infinite solids moving in the
same direction and being in perfect contact over a
finite region. It is assumed that the solid surfaces
are perfectly insulated outside the contact region, as
illustrated in Fig. 1. Consider further that heat energy
is generated in one of the solids, say, body 2, within
the contact region. This paper examines the two-
dimensional steady-state behaviour of such a thermal
system. The situation where heat source is present in
body 1 or in both bodies is a trivial extension of
the solutions derived in this paper and will not be
elaborated here.

Based on a Green’s function formulation, the tem-
perature change in body i, T;(x, y), due to the heat
flux across the contact region is given by [4, 9]

1 ('oT, »
. -3 (x (x—x)
Tix,y) +nﬁ 5 (x',0)e

x Ko{P[(x—x")"+y’]"?}dx’ (1)

Body 1
Perfect Perfect
=V, contact insulation
Perfect
insulation
\_/ x°

Body 2

S\

—_——=V,

/ Heat flux generation q°
lin body 2 within the
/l contact region

Fi1G. 1. Thermal system under study : two moving bodies in
contact over a fixed region.
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I, L, 1.1, I, integrals defined in
equations (A.1), (B.1), (C.1), (C.3) and
(C.5), respectively

I, 1y integrals defined in equations (26) and
(28), respectively

L{f(x)] integral defined in equation (10)
J, integral defined in equation (A.5)

k thermal conductivity )

k. ratio of the thermal conductivity of

body 2 to that of body 1

/ contact length

p scalar defined in equation (B.1)

P Peclet number, v//(2«)

P, ratio of the Peclet number of body 2 to
that of body 1

g(x,y) non-dimensionalized rate of internal
heat generation per unit volume

q°(x% »") rate of internal heat generation
per unit volume

qo non-dimensionalized rate of (uniform)
internal heat generation per unit
volume

v average heat flux distribution (per unit
area) over the contact region

(qgv) s (qgv) 2> (qgv) 3 average heat flux
distribution (per unit area) over the
contact for the friction effect, bulk
temperature difference effect and
deformation effect, respectively

5 rate of deformation heat generated per
unit volume under the contact region
for body 2

q; rate of frictional heat generated per unit

area along the contact region
S,,..., S series defined in equations
(41)-(44), and (47), respectively

NOMENCLATURE
A form factor T(x, y) temperature change (from the bulk
f(x) @T\jiyl.— temperature of the body prior to contact)
folx), f1(x) terms defined in equation (14) T, bulk temperature difference between

body 2 and body 1
Ty4(x,y) temperature change (from the bulk
temperature of the body prior to contact)
due to the internal heat source in the
body
» maximurmn temperature change in body i
T..(y) maximum temperature change reached at

a depth y (non-dimensionalized)

below the body surface

T, maximum temperature change in the
body

v, speed of body i

(x, y) Cartesian coordinate pair, non-

dimensionalized with the contact
length, /

(x° »% Cartesian coordinate pair

X x-coordinate at which T,(y) is reached.

Greek symbols

o thermal diffusivity

Bo, B, terms defined in equations (17) and
(22)

€, &, small terms defined in Section 3.1

no P2

v factor defined in equation (A.2)

&, &4, €5, 8, terms defined after equation

(31
(p, &) cylindrical coordinate pair defined after
equation (34).

Subscripts (unless defined above)

1 body 1
2 body 2
i body i.

where

P, =3ivlla, x=x° and y=y°l

Here, subscript { = 1, 2 and the upper and lower signs
in equation (1) refer to bodies 1 and 2, respectively ;
(x° y% are the Cartesian coordinates with the origin
located at the leading edge of the contact as shown in
Fig. 1; /is the contact length ; T(x, y) the temperature
change of body i at the non-dimensionalized coor-
dinates (x, y) due to the heat flux at the contact region ;
v, the speed of body i (moving in the x° direction) ; «;
and P, are the thermal diffusivity and Peclet number
of body i, respectively; and K,( ) is the modified
Bessel function of the second kind.

The overall temperature change of body 1 is given

by T,(x, y) while that for body 2 is given by the
sum of 7,(x, y) and T,(x, y), the latter of which is
contributed from the internal heat generation in body
2 and can be deduced by integrating the Green’s func-
tion of a moving line source in an infinite medium [12]

Pyt [ A
Ta(x,y) = —nEL f q(x’,y) e

X Ko{Po[(x—x)?+(y—»)]" dy dx” (2)
where

l“2q0(x0, _E)_

q(x,y) = 3)

kv,

Here, ¢°(x° »°) is the rate of internal heat generation
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per unit volume at (x°, y°) and &; the thermal con-
ductivity of body i Since a semi-infinite body with
insulated surface is being considered here for the T,
effect (for body 2), equation (2) may be integrated by
forcing the internal heat flux term to be symmetrical
about the x-axis, namely, g(x, y) = g(x, —y).

The boundary conditions for (i) an initially equal
and uniform bulk temperature of the bodies prior
to contact, (ii) insulated surfaces outside the contact
region, (iii) continuity of temperatures at the contact
region (perfect contact assumed) and (iv) con-
servation of heat fluxes at the contact region are,
respectively,

Ti(—0,y) = To(—0,»)+ Ty(—0,») =0 (4)

_oT
=%

oT,
3y (x,0)

oT,
(x,0)+ Fy—(x,O) =0

forx<0 andx>1 (5)

T\ (x,0) = [T(x,0)+ Ts(x,0)] =0 for0 < x < 1
(6)

oT, T, T, B

for0<x<1 (7)

where

ks
k, = = ®

It is noted that equations (4) and (5) are satisfied
implicitly because of a proper choice of the Green’s
functions in equations (1) and (2). From equations
(6) and (7), with equation (1) and noting that
0T4/0y|,-0 = 0, a Fredholm integral equation of the
first kind in the unknown 07, /dy|,_, is obtained

1
LG+ LIS (0] = —nTa(x,0)

for0<x<1 (9)

where

Lf ()] = L S(x) e mOK(Plx—x'|) dx’
(10)

and

oT,

S = 3 ¢, 0). (1)
Thus, the heat flux distribution to body 1 at the con-
tact region can be found by solving equation (9) and
the resultant temperature fields in both bodies
obtained from equations (1) and (2). An asymptotic
solution for the heat flux distribution across the con-
tact region, which applies when the Peclet numbers
(P, and P,) are large, is derived below. (In strip
rolling, the Peclet numbers are over 4000.) This is
followed by a discussion of the temperature fields in
the bodies.
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3. ASYMPTOTIC SOLUTIONS

To proceed further, a uniformly distributed heat
source is considered, namely

g, for0<x<1

g(x.y) = {0 (12)

forx <0 and x> 1.

Thus, the integrals in equation (2) may be performed,
giving

Td(xsy) =

1- —-2P .
1goe*F (ﬁ_____ﬁexp( 2)> forx < 0
P,
1- —2P,(1—
qo {x+ expl 2 x)]} for0 <x<1
2P,
qo for x > 1.

(13)

3.1. Heat flux at the contact region
Following Yuen’s approach [9], consider the region
‘away’ from the leading and trailing edges of the con-
tact such that &, < x < (1 —¢;), where 0 < ¢, 6, « 1
but P, and P, > 1 (i = 1, 2). It can be shown, with
f(x) written as
S =fo)+/1 )+ 0+ - (14)
where
fix)=0[fi,(x)] fori=1,2,3,... (15)

that the leading order term f;(x) may be determined
by solving the integral equation

L JoO) 4y = Anpi a6)
where
2P, \'? k,
() ()
and
p,
P'_}’—' (18)
1

The solution of equation (16) is straight-forward,
giving
So(x) = Box'2. (19)

The integral equation for the next order term, f;(x),
may be obtained by substituting equation (19) into
equation (9), and making use of the identity (derived
in Appendix A)

1
j (1—w)'? e™Ko(Pu) du
0

+J (1+u)"? e~ PK,(Pu) du
0

- 3/2
=<ﬁ> ¢ +P). (20)
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[t can be shown, after dropping smaller order terms.
that

| = |
LA+ /:1:[./'1 (X} = (2P { T }ﬂn

r K,
for0<x<1 (21)
where
4o k, 1 +k, P}
br==tanrym {1+krPl/2}{1~2(l+k,P,‘”2)}
(22)

Equation (21) has the same form as equation (9).
Following the same procedure and making use of the
results of Yuen [9], the solution for f,(x) is

B

i) =3 (23)

Hence, to the leading orders, we obtain the heat flux
distribution to body 1 at the contact region

G~ B+ B

(24)
3.2. Surface temperatures

Further approximations to the integral of equation
(1) need to be made to obtain the entire temperature
fields of the bodies ; these will be discussed in Section
3.3. However, the surface temperatures, which are of
interest in most practical applications, can be derived
readily as follows. From equation (1), the surface
temperature of body i is given by

oT, .
’ Px—x7})
N (x,0)e

1 i
(x,0) = F ~
T(x,0) +nﬁ

x Ko(Plx—x])dx".  (25)
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requires the results of the following integrals :

1 :J"J (u—1)"""e K (Pu)du (26)
7 172 i
=7 <2AP> erfc (2P) 7
and
Iy = r (u—1)""2 e~ K (Pu) du (28)
=3@P) e W, 2P) @9)

32
- % (;%) () —2P)erfc (2P) ' + ‘%)e’" (30)
where W,,( ) and erfc( ) are the Whittaker and
complementary error functions, respectively. The
result of 7, follows from Appendix C of ref. [9], the
intermediate result of J; (equation (29)) may be
obtained from ref. [13] and the final result (equation
(30)) from the properties of the Whittaker function
(e.g. seeref. [14]). For the region 0 < x < 1, the ident-
ity of equation (20) is again made use of ; and for the
region x > 1, the leading order term can be derived
by expanding the modified Bessel function asymptot-
ically for large argument. After some mathematical
manipulations, the final results for the surface tem-
peratures of the bodies are

nl’z | 172 |'X|l”2 - 2P |x| ’ n 2 /2
é,-[W(A—P,lxl)erfc(zmxi) +Tﬂe M E Z_i’_,» erfc(2P;|x}]) forx <0

5
nt

; 12 x \2
Ty(x,0) = Cr@*];)ﬁ G+Px)+& (5];)

for0<x <1

@3

£ X A v;,z__(x—l)l/2 s 2\ —lfe 1y - 12
S"(ZnP,.)”Zl:tan (x—1) — +¢&; P, tan~'(x—1) for x > |

The approach used by Yuen [9] will be adopted here.
It can be shown, for the region x < 0, that evaluation
of the leading order terms of T(x, 0) of equation (25)

Where él = _ﬁ03 é,l = '—ﬂla élzﬁO/kr and
&> = B/k.. For regions ‘away’ from the leading and
trailing edges of the contact region (i.e. for P,|x] » 1
and P/l —x| > 1), equations (31) can be further
simplified

- exp(—2P|x|) [ & )
2P, x| 8Pi+éi for Px « —1

l b2
Ti(x,0) ~ < <”> Ex forPx»1 and P(1—x) > 1 (32)

2\2p,

=D —(x= 1D for Pi(x—1) » 1.

W [xtan~
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3.3. Temperature fields
The temperature field of body i, by substituting
equation (24) into equation (1), is

1 (' , (
Ti(x,y) = - J:) lifi(x/)l/z_i_ (XIé)r‘/z:IeP,.(x—x)

x Ko{P(x—x)?+y*'"?} dx’. (33)
Approximations are now introduced to the above
integral in the various regions to obtain closed-form
expressions. Since the Peclet numbers are large, the
temperature changes prior to the contact region are
insignificant and will not be considered here.

Within the contact region, equation (33) may be
written in polar coordinates

’
éi 73 e—Pip(u—cosﬂ)
(pw)

x Ko[Pp(u? —2ucos8+1)"?du (34)

p 1p I
T,-<x,y)=nL [:.»(pu)”u

where
x=pcosf andy=psinf
such that
0<16]<in.

Yuen has shown [10] that, since P,p is generally
large and |0] « 1 in the region of interest, the inte-
grand in equation (34) may be approximated, giving

1 1/2
Ti(x,y) = (ﬁ)

1 u \V2 &
XL {5"" <1fi) * [u(l—u)]'”}

xexp[—2P,psin? (30)/(1 —w)]du. (35)

The integration of the term involving &, in equation

-

2P,
T(x,y) = 5 '

Gi
@rpyT T

nP,

-
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(35) is given in Appendix B, and the integration of the
term involving &; follows the results of Yuen [10]. The
final result is

21[ 1/2 )
Ti(x,y) = (P) {Cipi* erfc[2P,psin®(36)]"*

+i&erfc2Ppsin’(3)] Y2} for0<x < 1. (36)

In the region of interest, | y| « x, equation (36) can
be simplified to

2 \l2 " P,-y2 1/2
Ti(x,y) = (F,) [éixx erfc TS

v2

1z :
+2~f,erfc( 2%

1/2
) ] for0<x<1. (37)

For the region far beyond the contact such that
P,(x—1) > 1, the modified Bessel function in the inte-
grand of equation (33) may be expanded for large
argument and approximated in the region of interest
(| y] « x) as illustrated in ref. [10], and equation (33)
then reduces to

1 1/2 1/(x—1) u|/2
Ti(x,y) = (ﬁ) e—ﬂij; [fixm

& o
u'/2(1+u)]e "wdu (38)
where
Py*
= (39)

Integration of the first term between the square
brackets in equation (38) is given in Appendix C, and
that for the second term follows the results of ref.
[10]. The temperature distribution beyond the contact
region is thus obtained

n

5_ . 1/2 ; 1/2
= 1 ; - 12 i - Y2 e 0
@np) {nx(z +n,) I:l erf (/%) erf (x—— 1) ] (nn;)"*xe "erf <x— 1)

-1 1/2
—2xe- =1 [_(_——x 2x) +£tan"(x—1)”2+S|}}

1/2
+& <_n_> {erfc V) +erf () erfc <’7—>

x—1 (40)

2
— ;e"’f‘"" Dftan~ l(x——l)”z-i-Sz]} forl<x<?2
1)V2e=70= 0 4 x(14+2n) tan~* (x— 1)~ "2

2 \i12
—xe"’fS;]+§§<—> [tan ' (x—1)""?—~e""S,] forx>2
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where S, S., S5 and S, are series defined as

2 (x—1)"? 2 (x—1¥?
=2 3] = o
S [ I R 35

2n) (x—1'" 2n,(x—1)*?
135*} +4[ 777777777

@)=
3.5.7

_ 2(x—1)' 2n(x—1)**
T3 3.5

30y 1y 12
2n)’(x=1) } @n

1.3.5.7

s,

@)’ (=" | [2n(x—1)°7
1.3.5 + 5.7

_ @) (x—1)*?
3.5.7

31, 1 S} 1
[ e P

1 T} [ 1
e R T

I I
Tin—n7 T 5(x—l)5"2] e

(myu—n~}+“_ma

1.3.5.7

(43)

and

7 L IV I
Se=1 I:(x—l)”z:l M [(x—l)‘f2

1 n 1
T30 [ T3 =2

1 1
Ta— 1 T s

]+--- (44)

3.4. Thermal penetration
The maximum temperature changes (induced by
the heat flux at the contact region) near the subsurface
of the bodies have important implications on the ther-
mal damage and fatigue in the solids. At a depth y
below the body surface, the maximum temperature
change occurs at a location x,,(y), which can be deter-
mined from the solution of
o7,
L (xp) =0, 45)
0x
It can be shown, when the Peclet numbers are high,
that the temperature change reaches a maximum at a
location beyond the contact region, hence T,(x, y) is
given by equation (38). On performing the differ-
entiation and reducing the resulting expressions, it can
be shown that equation (45) gives

efﬂ,/(xfl) T .
& - G=D"? +5¢ iS's

& )2 -nix— 1)
+ < |:(7”1i) 2 erf <r'7_ 1) - z}m} =0 (46)
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where

o

1
erfc (2 +erf () ) erfc (\H_‘ l>

2 5
S J- e = Ditan " (x = 1)12 4+ 55]
=

forl <x<?2

2 .2
“tan ' (x—1)" 2= ZenS, for x > 2.
n n

) (47)

Once the location x,, of the maximum temperature
change is determined from the non-linear equation
(46), the resultant maximum temperature T, can be
obtained from equation (40).

4. DISCUSSION

4.1. Comparison with previous solutions

The leading terms of the asymptotic solutions for
the contact region derived in the previous section
agree with those derived from a simplified thermal
analysis of two semi-infinite bodies in contact [15]:
the latter solutions are identical to (i) the first term of
equation (24) for the heat flux distribution to body I,
(ii) the first term of the second of equations (13) for
the temperature gained by body 2 due to the internal
heat generation, and (iii) the second of equations (32)
and the first term of equation (37) for the surface tem-
perature and temperature distribution in the bodies
within the contact region (0 < x < 1), respectively.
Furthermore, the temperature variations prior to and
beyond the contact region, which could not be
obtained from the simplified analysis of the previous
work [15], have been derived in this study.

In order to establish the range of the Peclet numbers
for the asymptotic solutions to be valid, they are com-
pared with the results obtained from a numerical solu-
tion [16]. Figure 2(a) gives a comparison for the heat
flux distribution to body 1 for various values of k, and
P, with P, = 10. It can be seen that good agreement
is obtained, with P, reduced to as low as unity and &,
ranging from 0.1 to 10, except for regions very close
to the trailing edge of the contact. Comparisons with
other values of P, greater than 10 have also been
made, and good agreement obtained in all cases. It is
noted that the leading order term f;(x) varies with
x7"? and has a weak singularity at the leading edge
of the contact. It appears that the next order term
after f)(x), although not derived here, consists of a
weak singularity at the trailing edge of the contact, as
indicated by the numerical solution in Fig. 2(a) and
observed in a previous study of a similar thermal
system [9]. However, these discrepancies are not
expected to produce significant errors in the tem-
perature calculations since they span a very small
region, especially when the Peclet numbers become
high.

A comparison for the surface temperature dis-



Temperature fields in sliding solids

LEGEND
Nurnericai results:
| © + % * a v o o
Py 1 10 100 1 10 100 1 10 100
k. A 1 A 1 1 1 10 10 10
Asymptotic solution; —————
2.5 T | T I T ] T l T
2.0 P,=1ik,=10 <
1.5 =1k =
5 Po=tike=1 p,=1ik,=0.1 ¥
N0 /
-
Zosk Tt = _—
0.0 F’2=100
_5 L | i ] ! | L ] 1
0.0 0.2 0.4 x 0.6 0.8 1.0
(o) Heat flux distribution to body 1.
1.5 L T [ T T I T l T r T 1
C Py=1ik, =10 3
1ok .
[l Py=1k,=1 -
= o P,=1:k =0.1 3
- = =1k =
ra) 2 L et i
Sosk P,=100 1
S =
F
0.0 L
=1 ) 1 2 3 4 5
x
(b) Surface temperature distribution of body 1.
1.2 f I I I B
510 P,=100;k,=1 P,=10k =10
% N4 4 ¢ !
0.8
+ 0.6 P,=100;k,=1 -
~
t:_ 0.4 P,=100;k,=0.1 —
o2 P,=10;k,=0.1 P,=10:k,=1
0.0 ] ] |
o] 1 2 3 4 5

x
(¢) Surface temperature distribution of body 2.

F1G. 2. Comparison between the asymptotic and numerical

solutions for (a) the heat flux distribution to body 1, (b)

the surface temperature distribution of body 1, and (c) the
surface temperature distribution of body 2.

tributions in bodies 1 and 2 for P, = 10 are given in
Figs. 2(b) and (), respectively. In these comparisons,
the temperatures have been normalized by the asymp-
totic peak temperature change 7T, for large Peclet
numbers

T, = T,(1,0) = }¢, (2;) (48)

and

Ty = Tyu(l, —0)+To(l, —0) = 1. (49)

1t is observed that good agreement between the
asymptotic and numerical solutions is obtained for
the surface temperatures of bodies 1 and 2 when P,
equals or exceeds 10. Calculations with values of P,
exceeding 10 also produce favourable agreement, but
the results are not included here in the interest of
brevity.

Before a comparison between the asymptotic and
numerical solutions for the temperature distribution
within the bodies is made, it is necessary to examine
the numerical behaviour of the series S,, S,, S; and
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S., which will be used to calculate the temperature
distribution beyond the contact region. It is found,
in agreement with a similar observation made in a
previous study [10], that although each series solution
was derived within its region of validity, namely, for
the regions 1 < x < 2and x > 2, respectively, an over-
lapping region (1.3 < x < 2), for which both solutions
are valid, exists. On examination of the numerical
results, it is found that the most efficient computation
would be achieved if a cross-over point of x = 1.6
(instead of x = 2) is chosen. In addition, it is observed
that a 0.1% accuracy can be obtained with less than
30 terms being retained in the series if they are summed
in the order written.

Figure 3 gives a comparison of the asymptotic solu-
tion with the numerical solution for body 1 for regions
within and beyond the contact with P, = P, = 10 and
k, = 1. It can be seen that good agreement is obtained.
Note that the temperature change varies approxi-
mately linearly with x within the contact region for
positions very close to the body surfaces. With high
Peclet numbers, the thermal gradients normal to the
surfaces of the bodies are very high indeed. Outside
the contact region, the surface temperatures again
vary rapidly owing to the inward diffusion of the
thermal energy driven by the high thermal gradients
generated in the contact region. These are features
typical of sliding solids in contact within a finite region
and they have been discussed in detail in ref. [10}.
Calculations have also been performed for other
values of k,, P, and P,, and the comparisons are
favourable in all cases whenever P, and P, exceed 10.
However, those details are omitted here in the interest
of brevity.

It is concluded from the above comparisons that

T I T ]' T ] T I T

1.0 °
© Numerical results 5

o3

Asymptotic solution)|

0.0 2 T 0.4 0.6 0.8 1.0

1.0 T I T I . T .
a0.8— © Numerical resulits
g - Asymptotic solution
~ 0.6}
—~ =
el
X 0.4 —
Z
Lt B a

D ===

0.0 1 I 1

0 2 4 6 8 10

x
(b) Beyond the contact region.

FiG. 3. Comparison between the asymptotic and numerical
solutions for the temperature distribution in body 1
(P, = Py= P, k. =1, P, = 10 for numerical results).
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the asymptotic solutions are valid when the Peclet
numbers of both bodies equal or exceed 10, which
covers most practical applications.

4.2. Further simplifications

In real-time process control, it is desirable to use
expressions as simple. yet sufficiently accurate, as
possible. While the heat flux distribution (equation
(24)), the surface temperature distribution (equation
(31) or (32) as appropriate), and the temperature dis-
tribution within the contact region (equation (37))
are all relatively simple expressions, the temperature
distribution beyond the contact, given by equation
(40), involves several infinite series. However, it has
been found, during the numerical calculations in the
last section, that the terms involving &} are generally
insignificant and only a few terms in the remaining
series need to be retained to achieve reasonable accu-
racy. Thus, the temperature expressions beyond the
contact region may be simplified to

p

P,
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tion (51) or (52) respectively. The corresponding
maximum temperatures are shown in Fig. 4(c), with
the full temperature expression of equation (40) used
in the first approach and the approximated tem-
perature expressions of equation (50) used for the
other two approaches. It can be seen that, indeed,
the approximations are satisfactory for all intended
purposes.

4.3. Effect of heat flux distribution

It is clear from the above analysis that the tem-
perature distribution in each sliding solid can be deter-
mined once the heat flux distribution over the contact
region is known, with an extra term from the internal
heat source added if appropriate. For the case where
the internal heat source is absent in the body, Blok
[17] stated that when the speed of the moving body is
high (more precisely, when the Peclet number is high
and when the heat flux distribution is largely uniform),

27{ 172 ) .
g5} xiferfe(n)?) forl < (x—1) <y,

@npP)"? 7;;)'/2 {_(x“ 2Dy xe~mitan™ ! (x—1)7"?
T l 1 l
{x, v} < e B PV L T I A
{x,3) +3xn;e tan” ' (x—1) e Ml)nz (50)

1 1
Sy @t g ty-Hh2_ ’ ’
+3xnie [tan (x—-1) e + 3(x—-1)3"2]

1 1

+Ixpie [tan" Nx=1)""2—

.

A comparison of these approximations with the full
solution of equation (40) is shown in Fig. 4(a), from
which it can be seen that reasonable accuracy is
achieved, especially for the region g, > (x—1).

Similarly, the non-linear equation (46) for the
evaluation of the thermal penetration may be sim-
plified to

g(x~ DY 2erfe(y}?)—e =1 =0

for0 < (x—1) <,

(51)
and

1— 5%;:}7_11‘5 —e &0 =0 forn, = (x—1).

A comparison for the locations, x,,, at which the
maximum temperature change is reached for a speci-
fied depth below the body surface, determined from
three different approaches is shown in Fig. 4(b). The
first approach adopts a searching technique to deter-
mine x,, from the full solution of equation (40); in
the second and third approaches, x,, is determined
from the full equation (46) and the approximate equa-

(52)

1
(x—1"* + -1 5(x-1)5/2]} forn, = (x—1).

the maximum temperature 7, in the body (which
should occur at the trailing edge of the contact on the
body surface) is given by the general form

AN
e

where ¢, is the average heat intensity along the con-
tact region and 4 is a ‘form factor’ which depends on
the form of the heat flux distribution over the heat
input region. Blok [17] further stated that A4 equals
2/n'? & 1.13 for a uniform heat flux distribution and
equals 1.11 for a semi-elliptical distribution, and 4
would not differ very much from these values for any
‘fairly smooth’ heat flux distribution.

Of the numerous heat flux distributions which may
be considered, those arising from the following three
conditions are of practical interest when examining
sliding solids which move in the same direction

(53)

(i) where heat energy, normally frictional in
nature, is generated along the contact region;
(ii) where heat transfer across the contact region
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(c) Associated maximum temperatures.

FiG. 4. Comparison of the approximated expressions with

the full series solution for body 1 for (a) the temperature

distribution beyond the contact region, (b) and (c) the
thermal penetration.

is induced by a difference in the bulk temperatures of
the solids prior to the contact; and

(iii) where heat energy, normally as a result of elas-
tic and/or plastic deformation, is generated in one or
both solids.

For ease of reference, these three cases will be called
the ‘friction effect’, ‘bulk temperature difference effect’
and ‘deformation effect’, respectively. Based on an
approximate analysis considering the average tem-
perature over the contact region, Barber [18] provided
an estimate of the amount of heat transferred to each
body in each of these three cases. Yuen studied these
with a more precise analysis and presented results for
high Peclet numbers : the first two cases were discussed
in refs. [9—11] and the last case discussed in this paper.
In particular, the heat flux distributions to the solids
for the three cases are found, in approximate terms,
to be uniform, to vary with x~ "2 and with x'/2, respec-
tively. It is straight-forward to show, from refs. [9-11]}
and the results in this paper, that the average heat
fluxes transferred to a body, say, body 1, over the
contact region are given by

L — (54)
Gav)i _k]P}/z-‘-k;Pé/zqf

2\ | k k(P P2 (T
0y _a|% 1K 1y Lo
@a)2 = 2(11:) {k,P}/2+k2P§/2 7 (55)
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2 /2\/? Ik, P12
[ R 124 0
ga)s = 3 <7t> Pi/z(k,P}/2+k2P§/2)qd (56)

where (g3,); is the heat flux for case i, T, the bulk
temperature difference between the two bodies, g% the
rate of frictional heat generated per unit area along
the contact region, and 4 is the rate of heat generated
per unit volume within the contact region in body 2.
Further, it can be shown that the form factors for the
three cases are 2/n'"/2, 3n'/? and 3n'/?/4, respectively.
Taking the first case where the heat flux distribution
is uniform as the reference, the form factors for the
second and third cases are 21.5 lower and 17.8%
higher, respectively. These differences are far larger
than the value suggested by Blok [17] although the
heat flux distributions for all cases considered are
‘fairly smooth’.

The above results are not unexpected and might be
explained as follows. Since we are considering differ-
ent cases with the same total heat flux applied to the
body, a monotonically decreasing heat flux dis-
tribution (induced by the bulk temperature difference
effect : case 2), as compared to a uniform distribution,
would cause more heat to diffuse into the body due
to the high heat flux during the early part of the
contact, hence reducing the peak temperature reached
on the body surface at the trailing edge of the contact.
The reverse argument is true for a monotonically
increasing heat flux distribution (induced by the
deformation effect: case 3). Hence, of all possible
heat flux distributions, it appears that a monotonically
decreasing heat flux distribution would result in a
lower overall maximum temperature change in the
body. On the other hand, the thermal penetrations for
all three cases are similar for locations far below the
surface, as shown in Fig. 5. It can be seen from the
figure that the maximum temperature reached in the
body at a distance y below the body surface does not
vary significantly with the heat flux distribution in the
heat input region when P /%y exceeds 1.

It is often desirable to obtain a quick estimate of
the thermal penetration in the body. Approximate

T l P l T ] T
deformation effect
friction effect
bulk temperature difference effect

Asymptotic solutions

Fitted expressionas:

o friction effect (Eqn(57))

+ bulk temp diff effect (Eqn(58))
x deformation effect (Eqn(59))

T/ Hagq /KN ()}
o
*

M S BT B SR SR A

o
»
T T

»
FS
g
®

Py

FiG. 5. Comparison between the empirically derived maxi-

mum temperatures with those from the asymptotic solutions
for three heat flux distributions.
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expressions may be fitted to the curves of Fig. 5; that
for the friction effect has been obtained previously

{11]
kT,
o

112 ) ) .
<U> = exp[—LS0TPy+0.361(P %))’

—0.0446(P "y)* +0.00208(P '*y)*]

forO0< P2y <8 (37)

A suitable expression for the bulk temperature differ-
ence effect is

kTan v "‘2_ 2
g \d)

xexp|—1.083P "2y +0.1531(P V)2
—0.008(P"?y)°] for0< P2y <8 (58)

and that for the deformation effect is

kT [o\7*  3x¥? v
e —1.714P ¥y 4 0.4456(P %)
- (od) 7 expl 74PV y+0 { ¥}

—0.0578(P "2y)* +0.00278(P )"
for0 < PY?p < 8.(59)

In equations (57)~(59), T,, = T,,(y) is the peak tem-
perature {change) reached at a distance y°(y = y°//)
below the body surface. The results from the fitted
expressions are also shown in Fig. 5, from which it can
be seen that excellent agreement has been obtained.

5. CONCLUSION

The heat transfer between sliding solids with inter-
nal heat sources within the contact region is examined
in this paper. Both the heat flux distribution at the
contact and temperature fields in the solids have been
determined from an asymptotic analysis for large
Peclet numbers. Comparison with a numerical solu-
tion indicates that the asymptotic solutions are valid
for Peclet numbers equal to or exceeding 10.
Expressions to characterize the thermal penetration
into the bodies have also been derived. Simplified
expressions for the temperature fields and maximum
temperatures in the bodies have been obtained.

The thermal penectration obtained here has been
compared with those resulting from two other heat
flux distributions of practical significance. It has been
found that, in general, a monotonically decreasing
heat flux distribution produces a lower maximum tem-
perature on the body surface as compared to a
monotonically increasing heat flux distribution. The
difference observed for the cases considered amounts
to 50%. It has also been found that the thermal pen-
etration is independent of the heat flux distribution at
a sufficient depth below the body surface, namely,
when P'2y is greater than unity. Approximate
expressions have also been obtained for a quick evalu-
ation of the thermal penetration into the body for the
three different heat flux distributions examined.

W. Y. D YueN

This work, together with those published previously
[9-11], forms a complete analysis of the heat transfer
in the roll gap of the strip rolling process, and also
finds application in other similar industrial processes
such as grinding and machining.
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APPENDICES
Appendix A. Evaluation of integral I, defined in equation
(A.1)
Let

1
I = j (1—1)"? ™Ky (Pu) du
0

+ J‘w (I+w)'?e PKy(Pu)du (A.1)

where P > 0. With e™K,(Pu) expressed in terms of the
Meijer’s G-function, GB3,( ) (e.g. see ref. {19]):

cos (vmr)

e’ K,(Pu) = G(2Pu|)2, (A2)

both integrals in equation (A.1), with K,(Pu) replaced by
the modified Bessel function of a general order, K,(Pu), may
be evaluated [19], giving

1
J (1—uw)"?2eM™K,(Pu)du
0

= 3cos (vm)G 2P|V (A3)

j (I+u)"? e ™K (Pu)du = —3G3(2P1243, ).
0

(A4)

Further, with the Meijer’s G-function expressed [19] in terms
of the generalized hypergeometric series, ,F,,( ), it can be
shown that, after some lengthy mathematical manipulations

1
J, = J (1—u)"?eM™K,(Pu)du
0

+ jx (I+uw)'e ™K (Puydu (A.5)

T(—20)[(1+v)
~ 269G+
X o F(14+v,3+v; 14+ 2v,34v;2P)[cos (va) — 1]
rewrh(i-v 1
2G-vG—v) 2P)
X o Fy(1—v, 5 —v;1=2v,3—v;2P)[cos (vr) — 1]

@py

=L+ )T(—v+HI(-1)

an™
X Fy(—% —1;—3—v, —1+v;2P) (A.6)
where I'( ) is the gamma function.
Since
lin(} [cos(vm) —1] = —1(vm)? (A7)
and
li =— .
lim I'2v) = 5 (A8)
thus
1/ = \?
1, = vLo v = Z<2P> 2Fy(—3,—1; -3, —4;2P)
(A9)
n 3/2
{5 1
= <2P) G+P) (A.10)
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Appendix B. Evaluation of integral I, defined in equation

(B.1)
1 u 1/2
= -p/(1—w)
I L (1_u> e du
where p > 0.

Let
With a substitution of w = 1 —u, I, may be evaluated [13]

VM —w\2
kzj(gl)eW%w
o w

=p e TEW_sa1/4(p)-

Using the properties of the Whittaker function [14], it can
be shown that

W_sana(p) = dn'2p"4 erPilerfe (p'1).

(B.1)

(B.2)

(B.3)

(B.4)
Hence

I, = 2ni%erfc (p"'?). (B.5)
Appendix C. Evaluation of integral I, defined in equation
(C.1)

Let

V=) 102
I = e ™d C.1
e L (rwis (C.hH

where n = 4 Py*/x > 0and x > 1.
When | < x < 2, the integral /. may be evaluated between
the limits from 0 to co, and then from (x—1)~' to co. Thus

IL=1,—-1I, (C2)

where

@ ulJ’Z
I, =J:) me”’”du (C.3)
= —(m) "+ G +mnererfe (n'?) (C4
and
el ul/Z

I, = L(Xk”me"'" du (C.5)

The term (1+4) ~2in I, may be expanded for u > | (since
1 < x < 2) and the resultant series integrated, giving

Iy = {(—1)m(m+1) r u*m%/ze—""du} (C.6)
x~1)

3
W [™18
=1

{(— " (m+ g 12 [F(—m—%)

1 5
(bt e

where y( ) is the incomplete gamma function.
After lengthy manipulations and reductions

n 1/2
- _ 12
I, = — () %erf <x— 1)

1;2
—n(3+n)ererf(n'?) erf(x—_n_ 1>

I
iMs

0

12
+2e~ =1 {— % —ltan~ ' (x—1)"?

s

+% Zl |:(m+ 1 i. {(— [ym-n+!

% 'I"(X— 1)m—n+ 142 r(m_n-’-%)}:l}

T(m+3) €8
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Combining these results, the integral I, for the region [ may be expanded, giving
I < x < 2 is obtained

s ; i {( 1y V1) gt 2 d } €.10)
- . = - e AU P .
L=(0G+nne l:l —erf(n'?) erf(x—ia jl D 0 mi(1+u)”

1 2 The above integral can be integrated. The result is, after
-—(nr])'“'zerf( n ) +2emnt=1 {_ r—1) some manipulations and reductions
x—1 2x
132

[ I I = —(X)\.]LE’”"‘“’Hl+2n)e"tan*‘<x—1)*'°

—dtan~ ' (x—1)" +§m§] (m+1) ) e
x '17 m —

" —_ 2m+l)—— [“ n—t/ ]}
x Z (_l)m~n+lr’n(x_1)m—n+l'2r(m_n+_2 mgl {( m’ ngl (2"—1)(’(—1) 2

fad Fom+3) ) (C.11)

(€9 When the series of equations (C.9) and (C.11) are written
For the region x > 2, the exponential term in the integral  out, the results of equation (40) are readily obtained.



